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Neutrinos and the Standard 
Model
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Standard Model: rules of the 
game

Gauge group 
SU(3)cxSU(2)LxU(1)Y 

Fields Q,uR,dR,L,eL,eR,H 

Write down all 
renormalizable 
interactions consistent 
with the particle 
quantum numbers

For neutrinos, this has rather 
 remarkable implications: 
1. They have no color 
2. They have no charge (Q=I3+Y) 
3. They are massless 



Neutrino is elusive 

Wolfgang Pauli in 1930 postulated a new particle with no electric 
charge  

“ … desperate remedy to save … the law of conservation of 
energy” and angular momentum in radioactive decays 

“I have committed the cardinal sin of a theorist. I made a prediction 
which can never be tested, ever, because this particle is so weakly 
interacting that it may never be seen.”



Neutrino interactions
Italian physicist Enrico Fermi called it a 
“neutrino” (a little neutron) and developed the 
first theory of weak interactions (1933) 

Submitted to the famous science journal Nature, 
which rejected it “because it contained 
speculations too remote from reality to be of 
interest to the reader.” 

�Lweak ⇠ GFJ
µJµ ⇠ GF ( ̄n�

µ p)( ̄e�µ ⌫)
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“can never be tested, ever”
Let’s estimate cross section by dimensional reasoning. Since 

 and , to get a cross 
section, need .  

For an MeV neutrino from nuclear reactions, one would get 
. In normal matter,   

Extremely weakly interacting. Escape from the center of the 
Sun without scattering even once 

For a while, it was thought that they could never been seen   

“There is no practically possible way of observing the 
neutrino.” Hans Bethe (1934)

δℒFermi ∝ GF GF ∼ 10−5 GeV−2

σ ∼ G2
FE2

c.o.m.

σ ∼ 10−44 cm2 m . f . p . ∼ (σn)−1 ∼ 10 ly



Detecting neutrinos
In 1956, Los Alamos scientists Frederick Reines 
and Clyde Cowan proved Bethe wrong, by placing 
a large detector next to a nuclear reactor at 
Savanna River  

 "So why did we want to detect the free 
neutrino?" Reines later explained, "Because 
everybody said, you couldn’t do it." 

They were dissuaded from their original idea to 
use an atomic bomb as a source
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Parity non-conservation in 
weak interactions

60
27Co →60

28 Ni + e− + ν̄e + 2γ

Credit: Wikipedia
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What other sources of 
neutrinos are there?

How about the Sun? 

The solar core contains a perfectly self-regulating 
thermonuclear reactor 

Recall that these neutrinos go through the Sun without 
noticing it 

If one could measure these neutrinos, one would be 
looking directly into the center of the Sun

� ⇠ G2
FE

2 ⇠ 10�44cm2



The Homestake solar 
neutrino experiment

John Bahcall (theory) and 
Ray Davis (experiment) 

Apparatus: a tank of 
100,000 gallons of dry 
cleaning fluid (olympic-size 
pool), deep in a remote gold 
mine in South Dakota, 4850 
feet underground 

Every few weeks extracted 
Ar, formed by 

⌫e +
37 Cl ! e� +37 Ar



The solar neutrino problem

Bahcall’s solar model calculation predicted that about 
51 atoms of Argon would be extracted every time. 
Daunting task! 

What’s worse, Davis was extracting only about 17 

This immense discrepancy persisted month after 
month, year after year, for several decades 



Flavor oscillations
1962: two kinds of neutrinos (Lederman, Schwartz, 
Steinberger at BNL), muon and electron 

The Sun only produces electron neutrinos 

Not enough energy in nuclear reactions to make muons 

What if these electron neutrinos convert (“oscillate”) into the 
muon flavor on the way to us? 

Gribov and Pontecorvo (1969); building on Pontecorvo 
(1957); Maki, Nakagawa, Sakata (1962); Pontecorvo (1967)
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This requires neutrinos to 
have masses

A massless particle cannot oscillate in vacuum: its proper time stands 
still, there is no rest frame 

Oscillations imply that neutrino mass eigenstates have different 
masses and are composed of mixtures of flavor states 

The amplitude depends on the size of the mixing angle 

But masslessness is a great virtue of the Standard Model (elegant 
Lagrangian, left-handedness) 

And even if neutrinos were massive, shouldn’t their mixing angles be 
small like those in the quark sector (CKM)? 

We need suppression by a factor of 3!



Matter matters: MSW effect
Wolfenstein 1978: matter effect, by analogy 
with Kaon regeneration in matter 

Thanks to coherent forward scattering, the 
index of refraction is different for νe and νµ, 
ντ (birefringence) 

Mikheev and Smirnov 1985 solved the 
evolution equation in the solar density profile 

Found that large conversion is possible for 
small vacuum mixing 

The paper is originally rejected 

 The authors repackaged it in the supernova 
neutrino context, bury the word “resonance”

5

The authors are indebted to L. Wolfenstein, G. T.
Zatsepin, A. Yu. Ignat’ev, D. K. Nadezhin, V. A.
Rubakov, V. G. Ryasni, and M. E. Shaposhnikov for
useful discussions.
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Translated by S. Chomet

Comments (June 2007)

1. This paper presents, in particular, our first ana-
lytic results on the adiabatic conversion of neutrinos
in matter. It has been written in summer-fall 1985. In
attempt to avoid problems with publication (we had
before), we tried to hide the term “resonance”, and
did not discussed applications to the solar neutrinos;
also we have not included references to our previous
papers on the resonance enhancement of neutrino os-
cillations.

This short paper has been submitted to JETP
Letters in the fall 1985 and successfully ... rejected.
It was resubmitted to JETP in December of 1985.
The results of the paper have been reported at the
6th Moriond workshop in January 1986 and included
in several later reviews. The paper was reprinted in
“Solar Neutrinos: The first Thirty Years”, Ed. J. N.
Bahcall, et al., Addison-Wesley 1995.

2. The differential equation of third order for the
survival probability P , Eq. (1), has been derived
from a system of three differential equations for P ,
R ≡ Re⟨νe|νµ⟩, and I ≡ Im⟨νe|νµ⟩. The system of
equations has been obtained in our first paper: Sov.
J. Nucl. Phys. 42, 913 (1985), (Yad. Fiz. 42, 1441
(1985)).

3. Analytic results of sec. 3, have been derived
neglecting the high order derivatives d3P/dt3 and
d2P/dt2 in Eq. (1) which is implied by the adiabatic
condition. The resulting equation,

M(M2 + 4M̄2)
dP

dt
− 2M̄2

dM

dt
(2P − 1) = 0,

can be easily integrated:

P =
1

2
+

!

P0 −
1

2

"

#

n2
0

+ 1

n0

n√
n2 + 1

.

With the initial condition

P (0) = 1 −
1

2
sin2 2θ0

m = 1 −
1

2(n2
0
+ 1)

it leads to the adiabatic conversion formula (16).
Noticing that

n√
n2 + 1

= cos 2θm,
n0

#

n2
0

+ 1
= cos 2θ0

m

one realizes immediately that Eqs. (16) and (18) coin-
cide with the adiabatic formulas that usually appear
in literature.

Sov. Phys. JETP 64 (1) July 1986

p
2GFn(r) ⇠ �m2/2E⌫

see arxiv:0706.0454



2015

“For the discovery of neutrino oscillations, which shows 
that neutrinos have mass”
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Nobel prize for detection 
of solar and SN neutrinos 

Raymond Davis

(Homestake)

The 2002 Nobel Prize in Physics "for pioneering 
contributions to astrophysics, in particular for 
the detection of cosmic neutrinos"

Masatoshi Koshiba

(Kamiokande)
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A few words on cross sections 
of astrophysical neutrinos



Neutrino-nucleon cross 
sections at ~10 MeV energies

 

Here  and the axial coupling  

n/p mass difference is neglected 

Scattering is almost isotropic,  

It follows that m.f.p. ~ 10 km at ρ ~ 1011 g/cm3 

Neutrinos are trapped only inside collapsed supernova cores

σ(ν̄ep → e+n) = σ(νen → e−p) =
G2

FEepe

π
|Uud |2 (1 + 3g2

A) ≃ 9.3 × 10−42 ( Eν

10 MeV )
2

cm2

|Uud | ≃ 0.97 gA ≃ 1.27

dσ/dθ ∝ 1 − 0.1 cos θ



A gravity-powered neutrino 
bomb

Actual densities in the core are nuclear, ρ ~ 1014 g/cm3. 

Neutrino cross sections dictate the evolution time scale for this object. 
Neutrinos take a few seconds to diffuse out:  

t ~ R2/cλ ~ seconds 

They carry out >99% of all gravitational binding energy of the core, 
which is of the order of 10-15% of its rest mass. That’s 1053 ergs 

For comparison, the solar luminosity is 3.8*1033 ergs/s. A core-collapse 
supernova shines in neutrinos as bright as 1020 Suns. Instantaneously 
outshines the visible universe.



REVIEW ARTICLE

The physics of core-collapse supernovae
Supernovae are nature’s grandest explosions and an astrophysical laboratory in which unique conditions exist that

are not achievable on Earth. They are also the furnaces in which most of the elements heavier than carbon have been

forged. Scientists have argued for decades about the physical mechanism responsible for these explosions. It is

clear that the ultimate energy source is gravity, but the relative roles of neutrinos, fluid instabilities, rotation and

magnetic fields continue to be debated.
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California at Santa Cruz, Santa Cruz, California 9 5 0 6 4 , USA
2Max Planck Institute for Astrophysics,
Karl-Schwarzschild-Str. 1 , D-8 5 7 4 1 , Garching, Germany
*e-mail: woosley@ucolick.org

Few events in nature match the grandeur of
supernovae. None surpasses their raw power: about
10 53 erg s−1 (equivalent to 10 46 J s−1) is released as
neutrinos from a ‘core-collapse’ supernova, which is
as much instantaneous power as all the rest of the
luminous, visible Universe combined. Viewed on a
cosmic scale, supernovae light up galaxies with
spectacular fireworks that stir the interstellar and
intergalactic media. They make most of the elements
of nature, including those that form our own planet
and bodies, and they give birth to the most exotic
states of matter known — neutron stars and black
holes. Supernovae have been at the forefront of
astronomical research for the better part of a century,
and yet no one is sure how they work.

From the outset, one must distinguish two kinds
of supernovae, corresponding to two kinds of star
death: type Ia, thought to be the thermonuclear
explosions of accreting white dwarf stars1; and all the
rest (type II, Ib, Ic and so on), which happen when
the iron core of a massive star collapses to a neutron
star or black hole. Observationally, type I is defined
by a lack of hydrogen lines in its spectrum, lines that
type II has. Type Ia supernovae happen in all types of
galaxies, with no preference for star-forming regions,
consistent with their origin from an old or
intermediate-age stellar population. The rest happen
only in star-forming regions where young massive
stars are found. Here we will discuss just the latter
variety, the ‘core-collapse supernovae’ — the most
frequent kind of supernovae in nature.

CORECOLLAPSE: THEGRAVITY BOMB
Since 1939, when Baade and Zwicky first suggested
that supernovae are energized by the collapse of an
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Figu re 1 The evolution of the temperature and density for the
centre of twomassive stars, 1 5 and 2 5 times heavier than the
Sun. Labels sh ow th e location wh ere th e star pauses to burn a
given fuel (Table 1). Overall, th e evolution of a massive star is a
continued contraction to h igh er density and temperature, a
contraction th at only ends wh en a neutron star or black h ole is
formed. During most of th e evolution th e density is proportional to
th e cube of th e temperature, as expected for an ideal gas in
h ydrostatic equilibrium, but th ere are deviations caused by nuclear
burning and th e partial quantum-mech anical degeneracy of th e
electrons. Reprinted with permission from ref. 58. Copyrigh t (2002)
by th e American Ph ysical Society.

ordinary star to a neutron star2 , scientists have tried
to understand in detail how they work. The starting
point is a star heavier than about 8 solar masses that
has passed through successive stages of hydrogen,
helium, carbon, neon, oxygen and silicon fusion in
its centre (Table 1). With the passing of each stage,
the centre of the star grows hotter and more dense.
Indeed, the evolution of the inner parts of a massive
star can be thought of as just one long contraction,
beginning with the star’s birth, burning hydrogen on
the main sequence, and ending with the formation of
a neutron star or black hole (Fig. 1). Along the way,
the contraction ‘pauses’, sometimes for millions of
years, as nuclear fusion provides the energy necessary
to replenish what the star is losing to radiation and
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Lives of massive stars
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Table 1 Evolution of a 1 5 -solar-mass star.
Stage Timescale Fu el or Ash or Temperatu re Density Lu minosity Neu trino

produ ct produ ct (109 K) (gm cm−3) (solar u nits) losses
(solar u nits)

Hydrogen 11 Myr H He 0.035 5.8 28,000 1,800
Heliu m 2.0 Myr He C, O 0.18 1,390 44,000 1,900
Carbon 2000 yr C Ne, Mg 0.81 2.8×105 72,000 3.7×105

Neon 0.7 yr Ne O, Mg 1.6 1.2×107 75,000 1.4×108

Oxygen 2.6 yr O, Mg Si, S, Ar, Ca 1.9 8.8×106 75,000 9.1×108

Silicon 18 d Si, S, Ar, Ca Fe, Ni, Cr, Ti, . . . 3.3 4.8×107 75,000 1.3×1011

Ironcore ∼1 s Fe, Ni, Cr, Ti, . . . Neu tronstar > 7.1 > 7.3×109 75,000 > 3.6×1015
collapse∗

∗ The pre-su pernova star is defined by the time at which the contractionspeed anywhere inthe ironcore reaches 1,000 km s−1 .

neutrinos. Each time one fuel runs out, the star
contracts, heats up and then burns the next one,
usually the ashes of the previous stage. After helium
burning, the evolution is greatly accelerated by
neutrino losses. For temperatures approaching a
billion degrees or more, a large thermal population
of electrons and positrons is maintained. When the
electrons meet and annihilate with positrons, a
neutrino–antineutrino pair is occasionally produced.
These neutrinos escape the star with ease and force
the burning to go faster to replenish the loss.
Although the fusion of hydrogen and helium takes
millions of years, the last burning phase — silicon
burning — lasts only two weeks.

Eventually, a core of about 1.5 solar masses of
iron-group elements is produced. Because the
nuclear binding energy per nucleon has its
maximum value for the iron group, no further
energy can be released by nuclear fusion, yet the
neutrino losses continue unabated, exceeding the
Sun’s luminosity by a factor of about 10 15. At such
high temperatures and densities, two other processes
also rob the iron core of the energy it needs to
maintain its pressure and avoid collapse: electron
capture by nuclei, and an endoergic process called
photodisintegration. At densities above 10 10 g cm−3,
electrons are squeezed into iron-group nuclei, raising
their neutron number. As electrons supply most of
the pressure that holds the star up, their loss robs the
core of both energy and support. At the same high
temperature, radiation also begins to melt down
some of the iron nuclei to helium — this is
photodisintegration — partially undoing the last
million years or so of nuclear evolution and sapping
the core of still more energy. Soon the iron core is
falling nearly freely at about a quarter of the speed of
light. Starting from the size of the Earth, the core
collapses to a hot, dense, neutron-rich sphere about
30 km in radius. Eventually the repulsive component
of the short-range nuclear force halts the collapse of
the inner core when the density is nearly twice that of
the atomic nucleus, or 4 –5×10 14 g cm−3.

The abrupt halt of the collapse of the inner core
and its rebound generates a shock wave as the core’s
outer half continues to crash down. Once it was
thought that this bounce might actually be the origin
of the supernova’s energy3–5, that the outward
velocity of the bounce would grow as it moved into
the outer layers of the core and eject the rest of the
star with high velocity. Now it is known that this

does not occur. Instead, the shock wave stalls because
of photodisintegration and copious neutrino losses.
A few milliseconds after the bounce, all positive
velocities are gone from the star and the dense, hot
neutron-rich core (commonly called a
proto-neutron star; PNS) is accreting mass at a few
tenths of a solar mass per second. If this accretion
continued unabated for even one second, the PNS
would be crushed into a black hole and no
supernova would ever explode.

However, the PNS emits a prodigious luminosity
of neutrinos. Over the next few seconds, if it does not
become a black hole, it will radiate about 10 % of its
rest mass (about 3×10 53 erg), eventually settling
down as a gigantic neutron-rich nucleus of 10 km
radius — a neutron star. This neutrino emission is
actually the chief output of the event which is
overwhelmingly a gravity-powered neutrino
explosion. But how can this be used to turn the
collapse of the rest of the star into the explosion that
we see with optical telescopes? This is the part of the
problem that has caused theorists the greatest
difficulty for 4 0 years6 . A typical core-collapse
supernova has 1–2 ×10 51 erg in kinetic energy, far
less than that released as neutrinos during
neutron-star formation. But the neutrinos streaming
out from the core have a small cross-section for
energy deposition and, to make matters worse, a
large part of the energy that they do deposit is
radiated away again as neutrinos (neutrinos deposit
their energy chiefly by the reactions p+ν̄ → n+e+

and n+ν → p+e−, where p, n, e+ and e− are the
proton, neutron, positron and electron respectively;
they are radiated away by the inverse of these same
reactions). The efficiency for absorption and
re-emission depends on the density and temperature
structure around the neutron star, and this, in turn,
depends on some complicated fluid mechanics7 .
There is also a threshold of energy that must be
deposited in a brief time to overcome the ‘ram
pressure’ of the infalling matter, which, as we noted,
is rapidly accreting8 .

The current frontier in research into
core-collapse supernovae centres on
multidimensional simulations of the contracting
PNS and neutrino energy deposition in its
immediate surroundings. If this neutrino-powered
model is to work, neutrino energy deposition must
inflate a large bubble of radiation and
electron–positron pairs surrounding the neutron
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Few events in nature match the grandeur of
supernovae. None surpasses their raw power: about
10 53 erg s−1 (equivalent to 10 46 J s−1) is released as
neutrinos from a ‘core-collapse’ supernova, which is
as much instantaneous power as all the rest of the
luminous, visible Universe combined. Viewed on a
cosmic scale, supernovae light up galaxies with
spectacular fireworks that stir the interstellar and
intergalactic media. They make most of the elements
of nature, including those that form our own planet
and bodies, and they give birth to the most exotic
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holes. Supernovae have been at the forefront of
astronomical research for the better part of a century,
and yet no one is sure how they work.

From the outset, one must distinguish two kinds
of supernovae, corresponding to two kinds of star
death: type Ia, thought to be the thermonuclear
explosions of accreting white dwarf stars1; and all the
rest (type II, Ib, Ic and so on), which happen when
the iron core of a massive star collapses to a neutron
star or black hole. Observationally, type I is defined
by a lack of hydrogen lines in its spectrum, lines that
type II has. Type Ia supernovae happen in all types of
galaxies, with no preference for star-forming regions,
consistent with their origin from an old or
intermediate-age stellar population. The rest happen
only in star-forming regions where young massive
stars are found. Here we will discuss just the latter
variety, the ‘core-collapse supernovae’ — the most
frequent kind of supernovae in nature.
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ordinary star to a neutron star2 , scientists have tried
to understand in detail how they work. The starting
point is a star heavier than about 8 solar masses that
has passed through successive stages of hydrogen,
helium, carbon, neon, oxygen and silicon fusion in
its centre (Table 1). With the passing of each stage,
the centre of the star grows hotter and more dense.
Indeed, the evolution of the inner parts of a massive
star can be thought of as just one long contraction,
beginning with the star’s birth, burning hydrogen on
the main sequence, and ending with the formation of
a neutron star or black hole (Fig. 1). Along the way,
the contraction ‘pauses’, sometimes for millions of
years, as nuclear fusion provides the energy necessary
to replenish what the star is losing to radiation and
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Lives of massive stars
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Table 1 Evolution of a 1 5 -solar-mass star.
Stage Timescale Fu el or Ash or Temperatu re Density Lu minosity Neu trino

produ ct produ ct (109 K) (gm cm−3) (solar u nits) losses
(solar u nits)

Hydrogen 11 Myr H He 0.035 5.8 28,000 1,800
Heliu m 2.0 Myr He C, O 0.18 1,390 44,000 1,900
Carbon 2000 yr C Ne, Mg 0.81 2.8×105 72,000 3.7×105

Neon 0.7 yr Ne O, Mg 1.6 1.2×107 75,000 1.4×108

Oxygen 2.6 yr O, Mg Si, S, Ar, Ca 1.9 8.8×106 75,000 9.1×108

Silicon 18 d Si, S, Ar, Ca Fe, Ni, Cr, Ti, . . . 3.3 4.8×107 75,000 1.3×1011

Ironcore ∼1 s Fe, Ni, Cr, Ti, . . . Neu tronstar > 7.1 > 7.3×109 75,000 > 3.6×1015
collapse∗

∗ The pre-su pernova star is defined by the time at which the contractionspeed anywhere inthe ironcore reaches 1,000 km s−1 .

neutrinos. Each time one fuel runs out, the star
contracts, heats up and then burns the next one,
usually the ashes of the previous stage. After helium
burning, the evolution is greatly accelerated by
neutrino losses. For temperatures approaching a
billion degrees or more, a large thermal population
of electrons and positrons is maintained. When the
electrons meet and annihilate with positrons, a
neutrino–antineutrino pair is occasionally produced.
These neutrinos escape the star with ease and force
the burning to go faster to replenish the loss.
Although the fusion of hydrogen and helium takes
millions of years, the last burning phase — silicon
burning — lasts only two weeks.

Eventually, a core of about 1.5 solar masses of
iron-group elements is produced. Because the
nuclear binding energy per nucleon has its
maximum value for the iron group, no further
energy can be released by nuclear fusion, yet the
neutrino losses continue unabated, exceeding the
Sun’s luminosity by a factor of about 10 15. At such
high temperatures and densities, two other processes
also rob the iron core of the energy it needs to
maintain its pressure and avoid collapse: electron
capture by nuclei, and an endoergic process called
photodisintegration. At densities above 10 10 g cm−3,
electrons are squeezed into iron-group nuclei, raising
their neutron number. As electrons supply most of
the pressure that holds the star up, their loss robs the
core of both energy and support. At the same high
temperature, radiation also begins to melt down
some of the iron nuclei to helium — this is
photodisintegration — partially undoing the last
million years or so of nuclear evolution and sapping
the core of still more energy. Soon the iron core is
falling nearly freely at about a quarter of the speed of
light. Starting from the size of the Earth, the core
collapses to a hot, dense, neutron-rich sphere about
30 km in radius. Eventually the repulsive component
of the short-range nuclear force halts the collapse of
the inner core when the density is nearly twice that of
the atomic nucleus, or 4 –5×10 14 g cm−3.

The abrupt halt of the collapse of the inner core
and its rebound generates a shock wave as the core’s
outer half continues to crash down. Once it was
thought that this bounce might actually be the origin
of the supernova’s energy3–5, that the outward
velocity of the bounce would grow as it moved into
the outer layers of the core and eject the rest of the
star with high velocity. Now it is known that this

does not occur. Instead, the shock wave stalls because
of photodisintegration and copious neutrino losses.
A few milliseconds after the bounce, all positive
velocities are gone from the star and the dense, hot
neutron-rich core (commonly called a
proto-neutron star; PNS) is accreting mass at a few
tenths of a solar mass per second. If this accretion
continued unabated for even one second, the PNS
would be crushed into a black hole and no
supernova would ever explode.

However, the PNS emits a prodigious luminosity
of neutrinos. Over the next few seconds, if it does not
become a black hole, it will radiate about 10 % of its
rest mass (about 3×10 53 erg), eventually settling
down as a gigantic neutron-rich nucleus of 10 km
radius — a neutron star. This neutrino emission is
actually the chief output of the event which is
overwhelmingly a gravity-powered neutrino
explosion. But how can this be used to turn the
collapse of the rest of the star into the explosion that
we see with optical telescopes? This is the part of the
problem that has caused theorists the greatest
difficulty for 4 0 years6 . A typical core-collapse
supernova has 1–2 ×10 51 erg in kinetic energy, far
less than that released as neutrinos during
neutron-star formation. But the neutrinos streaming
out from the core have a small cross-section for
energy deposition and, to make matters worse, a
large part of the energy that they do deposit is
radiated away again as neutrinos (neutrinos deposit
their energy chiefly by the reactions p+ν̄ → n+e+

and n+ν → p+e−, where p, n, e+ and e− are the
proton, neutron, positron and electron respectively;
they are radiated away by the inverse of these same
reactions). The efficiency for absorption and
re-emission depends on the density and temperature
structure around the neutron star, and this, in turn,
depends on some complicated fluid mechanics7 .
There is also a threshold of energy that must be
deposited in a brief time to overcome the ‘ram
pressure’ of the infalling matter, which, as we noted,
is rapidly accreting8 .

The current frontier in research into
core-collapse supernovae centres on
multidimensional simulations of the contracting
PNS and neutrino energy deposition in its
immediate surroundings. If this neutrino-powered
model is to work, neutrino energy deposition must
inflate a large bubble of radiation and
electron–positron pairs surrounding the neutron
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Advent of particle 
astrophysics

Gamow and Schoenberg (1940, 1941) were 
first to suggest that neutrinos may play an 
important role in stellar evolution, and in the 
collapse of evolved stars.  

Controversial at the time, cf. Bethe’s (1939) 
paper on stellar nuclear burning and evolution, 
which does not ever mention neutrinos 
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Fig. 3.— Neutrino energy loss. From above a): Standard
energy loss, µν = 0; b): Energy loss for µν = 10−11µB ; c):
Energy loss for µν = 5 × 10−11µB . The different colors show
the regions where the relevant process is 90% or more of the to-
tal neutrino cooling: Turquoise (top) neutrino pair production
e+ e− → ν ν; Orange (middle left) neutrino photo production
γ e− → e ν ν; Green (middle low) neutrino production by plas-
mon decay γ → ν ν; Purple (bottom right corner) bremsstrahlung
production e−(Ze) → (Ze) e− ν ν. For comparison, see Fig. C.4
in Raffelt (43).

GF

γ ν

ν

e e

Photo

ν

ν

γ

e−

e+

GF

Plasma

ν

ν

e+

e−
GF

Pair

1

Fig. 4.— Feynman diagrams for the standard model neutrino
production processes relevant for our discussion. From the top
to the bottom panel: photo process, γ e− → e ν ν; pair process,
e+ e− → ν ν; plasma process, γ → ν ν.

a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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energy loss, µν = 0; b): Energy loss for µν = 10−11µB ; c):
Energy loss for µν = 5 × 10−11µB . The different colors show
the regions where the relevant process is 90% or more of the to-
tal neutrino cooling: Turquoise (top) neutrino pair production
e+ e− → ν ν; Orange (middle left) neutrino photo production
γ e− → e ν ν; Green (middle low) neutrino production by plas-
mon decay γ → ν ν; Purple (bottom right corner) bremsstrahlung
production e−(Ze) → (Ze) e− ν ν. For comparison, see Fig. C.4
in Raffelt (43).
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production processes relevant for our discussion. From the top
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a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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energy loss, µν = 0; b): Energy loss for µν = 10−11µB ; c):
Energy loss for µν = 5 × 10−11µB . The different colors show
the regions where the relevant process is 90% or more of the to-
tal neutrino cooling: Turquoise (top) neutrino pair production
e+ e− → ν ν; Orange (middle left) neutrino photo production
γ e− → e ν ν; Green (middle low) neutrino production by plas-
mon decay γ → ν ν; Purple (bottom right corner) bremsstrahlung
production e−(Ze) → (Ze) e− ν ν. For comparison, see Fig. C.4
in Raffelt (43).
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a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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production e−(Ze) → (Ze) e− ν ν. For comparison, see Fig. C.4
in Raffelt (43).
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a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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in Raffelt (43).

GF

γ ν

ν

e e

Photo

ν

ν

γ

e−

e+

GF

Plasma

ν

ν

e+

e−
GF

Pair

1

Fig. 4.— Feynman diagrams for the standard model neutrino
production processes relevant for our discussion. From the top
to the bottom panel: photo process, γ e− → e ν ν; pair process,
e+ e− → ν ν; plasma process, γ → ν ν.

a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to
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a typical “onion structure” with iron in the center and
several layers around, in which fusion of lighter elements
occurs. No energy can be gained by fusion reactions in
the iron core, and once its mass exceeds ∼ 1.4M⊙ the star
collapses producing a core collapse supernova (CCSN).

Stars less massive than about 9M⊙ have a different des-
tiny. Stars whose initial mass is less than about 7.5M⊙

never reach the stage of carbon-burning and end their
life as Carbon-Oxygen white dwarfs (CO-WDs, see the
bottom row of Fig. 7). Stars whose initial mass is in the
range 7.5 ! M/M⊙ ! 9, do ignite carbon but not neon,
and end their lives as Neon-Oxygen-Magnesium White
Dwarfs (NeOMg-WD). These numbers are important to
us because, as we shall see, they will be shifted by the
presence of the additional cooling. Moreover, a new evo-
lution possibility will be opened up.

3.2. Effects of the extra cooling

If neutrinos have a non-vanishing magnetic moment,
than the production mechanisms described above would
receive an electromagnetic contribution from the inter-
action term (1), as shown in Fig. 5. With the exception
of the plasmon decay, a very simple estimate (assuming
T ≪ me) shows that the amplitudes for the electromag-
netic and the electroweak production of neutrinos are
comparable for µν/µB ∼ GF m2

e/(2πα) ≃ 10−10, that
is at about the experimental bound on µν . However, a
similar simple estimate does not apply for the plasma
process. In this case, in fact, we expect a non trivial
dependence on the density (see Eq. 13 below). This can
be understood on a dimensional ground. The matrix el-
ement for the standard plasma process is proportional to



More on neutrino cooling at 
T>me

: Why T9? 

Consider energy loss rate per unit volume

 

Per unit mass  

Similarly, for  we have per unit mass

e+e− → νν̄

dϵ
dt

∼ σne+ne− < E > ∼ G2T2T3T3T

dq
dt

∼
G2

FT9

ρ

e−p → νn
dq
dt

∼
σnpne−

ρ
< E > ∼

G2T6

mN



Stages of the explosion
Supernova Neutrinos 397

Fig. 11.1. Schematic picture of the core collapse of a massive star (M ∼>
8M⊙), of the formation of a neutron-star remnant, and the beginning of a
SN explosion. There are four main phases numbered 1−4 above the plot:
1. Collapse. 2. Prompt-shock propagation and break-out, release of prompt
νe burst. 3. Matter accretion and mantle cooling. 4. Kelvin-Helmholtz
cooling of “protoneutron star.” The curves mark the time evolution of several
characteristic radii: The stellar iron core (RFe). The “neutrino sphere” (Rν)
with diffusive transport inside, free streaming outside. The “inner core”
(Ric) which for t ∼< 0.1 s is the region of subsonic collapse, later it is the
settled, compact inner region of the nascent neutron star. The SN shock
wave (Rshock) is formed at core bounce, stagnates for several 100ms, and
is revived by neutrino heating—it then propagates outward and ejects the
stellar mantle. The shaded area is where most of the neutrino emission
comes from; between this area and Rν neutrinos still diffuse, but are no
longer efficiently produced. (Adapted from Janka 1993.)

Neutrino trapping has the effect that the lepton number fraction
YL is nearly conserved at the value Ye which obtains at the time of
trapping. However, electrons and electron neutrinos still interconvert
(β equilibrium), causing a degenerate νe sea to build up. The core of
a collapsing star is the only known astrophysical site apart from the
early universe where neutrinos are in thermal equilibrium. It is the
only site where neutrinos occur in a degenerate Fermi sea as the early
universe is thought to be essentially CP symmetric with equal numbers
of neutrinos and antineutrinos to within one part in 109. When neutrino
trapping becomes effective, the lepton fraction per baryon is YL ≈ 0 .35,

Fig. credit:

T. Janka & 
G. Raffelt



Modern simulation (2015)

Shock position is determined by the interplay of neutrino heating 
on the bottom and cooling at large radii  

Oak Ridge group



Modern simulation (2015)

Shock position is determined by the interplay of neutrino heating 
on the bottom and cooling at large radii  

Oak Ridge group



Neutrinos in the early 
universe

Neutrino couple to matter,  and   

Weak freeze out  -> , assuming 
radiation domination 

This yields .  

By a complete coincidence of fundamental couplings, neutrinos decouple just 
before BBN.  

The n/p ratio at that point is 1/6 (thermally set). It changes to ~1/7 as the 
nucleosynthesis proceeds over the next 3 minutes. 

-> About a quarter of baryonic mass ends up in Helium-4 

νe + n ↔ p + e− ν̄e + p ↔ n + e+

σn ∼ (exp . rate) G2
FT2T3 ∼ T2/Mpl

T ∼ (G2
FMpl)−1/3 ∼ MeV



Neutrinos and CMB
During CMB formation (T ~ 1 
eV), neutrinos are already 
free-streaming. 

The fact that they are present 
and free-streaming is already 
detectable by PLANCK 

This provides a non-trivial 
constrain on light-mediator 
scenarios of novel neutrino 
interactions 

See discussion by Lloyd 
Knox later this week

April 16  2007, APS meetingApril 16  2007, APS meeting Alexander Friedland, LANLAlexander Friedland, LANL 2323

Planck will resolve the controversy!

A. F., Zurek, Bashinsky,  
0704.3271



Let’s return to Standard 
Model neutrino cross sections



Fundamental process: 𝛎e 
scattering

Here,  (the inelasticity parameter) 

The total cross section is
 

Let’s examine this a bit

y = Te/Eν
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’t Hooft 
(1971)
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Fundamental process: 𝛎e 
scattering

When , we have 
independent coupling to left- 
and right-handed electrons 

eR and eL are revealed to be 
different particles 

The cross terms comes from 
interference and is 
proportional to electron mass

Eν ≫ me

dσ
dTe

=
2G2

Fme

π [c2
L + c2

R(1 − y)2 − cLcR
me

Eν
y]

Exercise: show that  is 
related to  in the 
c.o.m. frame 

Helicity structure:  

eL + ν scattering is isotropic in 
the c.o.m.  

eR + ν is controlled by angular 
momentum conservation

(1 − y)
(1 + cos Θ)



Fundamental process: 𝛎e 
scattering

From  scattering, we see how 
the Z boson couples to left and 
right-handed electrons 

 

What about cL for  scattering?  

Interference between the W and 
Z amplitudes! 
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Figure 2: Tree-level Feynman diagrams of the neutrino reactions in SNO. Diagram (a) shows the charged current reaction.

Diagram (b) shows the neutral current reaction (resulting in a free neutron). Diagrams (c) and (d) show the graphs that

contribute to elastic scattering. Note that only electron neutrinos can scatter from electrons by exchanging a W boson.

If one assumes that all ES reactions are produced by electron neutrinos, a complementary comparison can be
made between the electron neutrino flux from ES reactions and the electron neutrino flux from CC reactions. If the
electron neutrino flux from ES reactions is significantly greater than the flux from CC reactions, this is evidence that
muon and/or tau neutrinos are taking part in ES reactions in the detector. Again, this would provide evidence of
electron neutrino flavour change. By comparing the rates of ES, CC and NC reactions, SNO can test the internal
consistency of its results.

4.2. Neutrino detection in SNO

All three types of SNO’s neutrino reactions are detected by the Čerenkov light that is produced either directly or
indirectly. In the CC and ES reactions, a relativistic electron is produced directly. If the velocity of the electron is
greater than the speed of light in the D2O, a cone of Čerenkov radiation is emitted by the electron at a 42o angle
with respect to the direction of propagation of the electron. The ring of PMT hits that results from the projection
of the Čerenkov cone on the PMT array is the signal for a solar neutrino interaction.

After a NC reaction, the free neutron captures on a nucleus in the detector and results in the production of one
or more gamma-rays (one 6.25 MeV gamma-ray for a capture on a deuteron, and one or more gamma-rays with a
total energy of 8.6 MeV for a capture on 35Cl). The gamma-ray(s) usually Compton-scatters an electron which, in
turn, emits Čerenkov radiation. The time delay between the NC reaction and the production of Čerenkov photons
is typically tens of milliseconds or less.

SNO’s photomultiplier tubes detect the Čerenkov photons when a physics event occurs in the detector. The PMT
hit times and charge information are recorded for each event. Since the locations of the PMTs are known precisely, the
PMT hit times can be used to reconstruct the location and direction of propagation of the Čerenkov light-producing

SLAC Summer Institute on Particle Physics (SSI04), Aug. 2-13, 2004

4WET001



Fundamental process: 𝛎e 
scattering

dσ
dTe

=
2G2

Fme

π [c2
L + c2

R(1 − y)2 − cLcR
me

Eν
y]

σ =
2G2

FmeEν

π [c2
L +

1
3

c2
R −

1
2

cLcR
me

Eν ]
cL cR

νee−

ν̄ee−

νμe−

ν̄μe−

1
2

+ sin2 θW

−
1
2

+ sin2 θW

1
2

+ sin2 θW

−
1
2

+ sin2 θW

sin2 θW

sin2 θW

sin2 θW

sin2 θW

c2
L + c2

R /3

0.5525

0.2317

0.0901

0.0775



32

Figure 2.4: Solar neutrino spectrum according to BP98 solar model. Only the pp
chain reactions are shown.

Solar neutrino fluxes
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Figure 5: SNO’s CC, NC and ES measurements from the D2O phase. The x- and y-axes are the inferred fluxes of electron

neutrinos and muon plus tau neutrinos. Since the NC and ES measurements are sensitive to both νe and νµ/ντ , the ES and

NC bands have definite slopes. The CC measurement is sensitive to νe only, so has an infinite slope. The widths of the bands

represent the uncertainties of the measurements. The intersection of the three bands gives the best estimate of φµτ and φe.

The dashed ellipses around the best fit point give the 68%, 95%, and 99% confidence level contours for φµτ and φe. The flux

of neutrinos predicted by the SSM is indicated by φSSM.

5.3. SNO’s night-day flux asymmetry measurement in D2O

In addition to measuring the time integrated fluxes, the difference between the solar neutrino fluxes at night and
day has also been studied [12]. If the mixing of solar neutrino flavours is due to interactions with matter (the MSW
effect) [13, 14], then νe might regenerate while passing through the Earth at night time. For more details on the
MSW effect, see Boris Kayser’s lectures in these proceedings [8]. The probability to regenerate depends on the
neutrino mixing parameters, ∆m2

12 (=m2
1 − m2

2, the difference of the squared neutrino masses) and θ12 (the solar
neutrino mixing angle), the path length of the neutrinos through the Earth, and the local electron density that the
neutrinos encounter. SNO has determined the night-day asymmetry A = 2(φnight − φday)/(φnight + φday) for the
flux of νe under two different assumptions. The first assumption is that ANC may be non-zero (possible if there is
matter enhanced mixing with sterile neutrinos). The asymmetry of the NC rate was allowed to float in a fit to the
data that simultaneously determined the asymmetries of the CC and NC rates. The result of the fit was

ACC = Ae = (14.0± 6.3+1.5
−1.4)%, ANC = (−20.4 ± 16.9+2.4

−2.5)%. (6)

The second assumption is that there is no mixing with sterile neutrinos. When ANC is fixed at zero, SNO measures

Ae = (7.0± 4.9+1.3
−1.2)%, ANC = 0. (7)

Both of these results are consistent with no night-day asymmetry.
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SNO vs SK measurements
The great concordance! 

SNO measures 
 and 

 

The results tell us that 30% of 
solar neutrinos arrive as  

SK measures  elastic 
scattering, with  
contributing at 1/6 the rate of 
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Diagram (b) shows the neutral current reaction (resulting in a free neutron). Diagrams (c) and (d) show the graphs that

contribute to elastic scattering. Note that only electron neutrinos can scatter from electrons by exchanging a W boson.

If one assumes that all ES reactions are produced by electron neutrinos, a complementary comparison can be
made between the electron neutrino flux from ES reactions and the electron neutrino flux from CC reactions. If the
electron neutrino flux from ES reactions is significantly greater than the flux from CC reactions, this is evidence that
muon and/or tau neutrinos are taking part in ES reactions in the detector. Again, this would provide evidence of
electron neutrino flavour change. By comparing the rates of ES, CC and NC reactions, SNO can test the internal
consistency of its results.

4.2. Neutrino detection in SNO

All three types of SNO’s neutrino reactions are detected by the Čerenkov light that is produced either directly or
indirectly. In the CC and ES reactions, a relativistic electron is produced directly. If the velocity of the electron is
greater than the speed of light in the D2O, a cone of Čerenkov radiation is emitted by the electron at a 42o angle
with respect to the direction of propagation of the electron. The ring of PMT hits that results from the projection
of the Čerenkov cone on the PMT array is the signal for a solar neutrino interaction.

After a NC reaction, the free neutron captures on a nucleus in the detector and results in the production of one
or more gamma-rays (one 6.25 MeV gamma-ray for a capture on a deuteron, and one or more gamma-rays with a
total energy of 8.6 MeV for a capture on 35Cl). The gamma-ray(s) usually Compton-scatters an electron which, in
turn, emits Čerenkov radiation. The time delay between the NC reaction and the production of Čerenkov photons
is typically tens of milliseconds or less.

SNO’s photomultiplier tubes detect the Čerenkov photons when a physics event occurs in the detector. The PMT
hit times and charge information are recorded for each event. Since the locations of the PMTs are known precisely, the
PMT hit times can be used to reconstruct the location and direction of propagation of the Čerenkov light-producing
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0.3 + 0.7 × 1/6 ≃ 0.42



What we presently know 
about neutrinos

Two mass splittings,  

Δm2atm ~2.3 x10-3 eV,  

Δm2sol ~7.1 x10-5 eV 

Three mixing angles,  

θ23~ 45∘±8∘,  

θ12~ 34∘±1∘,  

θ13~ 8.7∘±0.3∘ 

θ13: from unknown to best measured in a blink of an eye

Text



Precision neutrino experiments 
require accurate cross sections



Precision neutrino experiments 
require accurate cross sections

Why, exactly, is this true?



Basic observations
We are trying to measure conversion/survival 
probabilities for neutrinos                        and 
antineutrinos                      w/ high precision 

OK: measure the event rates in near and far detectors 
and take a ratio.  

Use the same target.  

Simple, no cross sections?

P(νi → νj)
P(ν̄i → ν̄j)



Oscillation probabilities are 
functions of neutrino energy

For example, the location of the 
oscillation features (dips) tell us 
about the values of Δm2.  

The depth of the dips tells us 
about the mixing angles.  

Unlike electron beams, neutrino 
beams are not monochromatic  
(in fact pretty broad)

Chapter 4: Long-Baseline Neutrino Oscillation Physics 4–63
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Figure 4–1: The unoscillated spectrum of ‹µ events from the LBNE beam (black histogram)
overlaid with the ‹µ æ ‹e oscillation probabilities for di�erent values of ”cp and normal hierarchy
as colored curves.

‹e appearance coupled with larger rate asymmetries when CP violating e�ects are included.
LBNE has higher appearance rates with a 700 kW MI beam even when compared to Stage
1 of a neutrino factory (NF) with a 1 MW beam from Project X upgrades †.

4.1 LBNE Detector Simulation and Reconstruction

A 10-kt-scale LArTPC Far Detector, the LAr-FD, fulfills the high-mass requirement for
LBNE and provides excellent particle identification with high signal selection e�ciency
(Ø 80%) over a wide range of energies as described in the LBNE Conceptual Design Re-
port Volume 1 [24]. This is the chosen technology for the LBNE far detector. The status
of the LBNE LArTPC simulation and reconstruction e�orts, and expected performance is
summarized in this section.

4.1.1 Far Detector Simulation

Interactions of events in the FD are simulated with GEANT4 [70] using the LArSoft [71]
package, which is built on the ART software framework [72]. ART is developed and supported

†The corresponding MI power would be 1.2 MW for the neutrino program with this phase of Project X

Scientific Opportunities with LBNE



This is so even for the so-
called “narrow” beams

Recall the NOvA 
experiment (Mark 
Messier’s talk) 

Good sensitivity to the 
“atmospheric” 
parameters                     
(      and            )

NOvA Detectors 

¨  Designed for electron ID 
¤  Low Z materials 
¤  65% active 

¨  ND: Underground at FNAL 
¨  FD: On the surface at Ash River 

P. Vahle, Neutrino 2016 6 

Δm2
23θ23



Contours 

Maximal mixing excluded at 2.5σ 

P. Vahle, Neutrino 2016 18 
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NOvA at Neutrino 2016
Accurate energy reconstruction is crucial!



Mayly Sanchez - ISU

0 1 2 3 4 5
Reconstructed Neutrino Energy (GeV)

0

2

4

6

8

Ev
en

ts
 / 

0.
1 

G
eV

FD Data
Prediction

 syst. rangeσ1-
CCµνWrong Sign:

Total bkg.
Cosmic bkg.

Antineutrino beam NOvA Preliminary

All Quartiles

0 1 2 3 4 5
Reconstructed Neutrino Energy (GeV)

0

2

4

6

8

10

12

Ev
en

ts
 / 

0.
1 

G
eV

FD Data
Prediction

 syst. rangeσ1-
CCµνWrong Sign:

Total bkg.
Cosmic bkg.

Neutrino beam NOvA Preliminary

All Quartiles

P R E D I C T I N G  T H E  F D  O B S E R VAT I O N
• Each quartile for the neutrino and antineutrino beams gets unfolded independently and the true Far/

Near ratio is used to obtain a FD prediction from ND data.  

• We estimate cosmic background rate from the timing sidebands of the NuMI beam triggers and 
cosmic trigger data. 

!21

• Observe 113 events in neutrino mode (expect 730 +38/-49(syst.) w/o oscillations),  
65 events in antineutrino mode (expect 266 +12/-14(syst.) w/o oscillations). 

see poster #75NOvA at Neutrino 2018

Maximal mixing is no longer strongly disfavoredMayly Sanchez - ISU

M U O N  N E U T R I N O  D I S A P P E A R A N C E  
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• Matter effects introduce a small asymmetry in the maximal disappearance point 
between neutrinos and antineutrinos. 

• Tension between the muon neutrino and antineutrino datasets (at the 1 σ level) favors 
upper octant (UO) for normal hierarchy (NH) and lower octant (LO) for inverted 
hierarchy (IH). Accurate energy reconstruction is crucial!



Thus the crucial link is the 
measurement of energy

Assume we have excellent near and far detectors, which can both 
measure neutrino energies well. Then we (mostly) don’t need cross 
section physics. 

Oscillation papers as the main product 

Neutrino cross section information as a by-product.  

One-way information flow: from experiment to cross section models. 

For the oscillation studies, one could simplictically assign the 
difference between observed and modeled cross sections to some 
process. Say, call it “tuning Meson Exchange Current/2p2h”. This 
may have little to do with the actual, physical MEC rate.



So why again do we need 
cross section models?

The question is actually more interesting than it sounds 

We need them to measure neutrino energy 

Experiments do not have a direct way to measure 
energy precisely  

The cross section model is then needed to improve this 
measurement 

by filling in the missing information



Measuring neutrino energy

CC interactions create a charged 
lepton + some hadrons in the final 
state.  

The most direct way is to measure 
the energies of all these particles 
and add them up. Calorimetry. 

NOvA and DUNE are not perfect 
calorimeters. Have missing energy 
channels.

 

 

 

 

Hadronic system

 

 

 

 



Digression: Can’t we use 
only the charged lepton?

“kinematic method”: use energy 
and angle of the final-state lepton 
+ energy-momentum conservation 

Neglects Fermi motion of the 
struck nucleon 

Works only when the invariant 
mass of the hadronic system is 
known (e.g., QE) 

DUNE operates at energies of 
several GeV, where one has a 
variety of possible hadronic final 
states
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Prerequisite: missing energy 
and resolution

This turns out to be a very interesting physics problem 
in its own right. Broad implications for the performance 
of the experiment beyond cross section uncertainties.  

At first, we wanted to make use of published results on 
this. However, the literature turns out to be incomplete, 
confusing, and even contradictory, both on the missing 
energy and on energy resolution. Hence, we ended up 
simulating the problem from scratch.



Rules of the game
We do not use any internal proprietary DUNE tools 

Our simulation framework is based on combining GENIE (version 
2.12.8) for primary interactions and FLUKA (version 2011.2x.2) for 
event propagation in LAr 

GENIE is the event generator used by all Fermilab experiments 

FLUKA has a solid reputation, especially for propagating 
neutrons and gammas (as recently confirmed by ArgoNeuT) 

We want something that is fast, flexible, and can transparently 
separate different contributions. Complementary to full detector 
simulations. 

For details, see arXiv:1811.06159, PRD 2019

Shirley Li 
SLAC postdoc 



Basic findings
Energy reconstruction strongly depends on the detector 
performance and analysis strategy. Depending on assumptions, the 
energy resolution of DUNE can vary by as much as a factor of 3. 

The first key step is to identify the missing energy channels:  

subthreshold particles,  

charge recombination,  

neutrinos created in pion/muon decays,  

energy lost to nuclear breakup.



Example event at DUNE, 
from our simulations

Muon is the longest track. 
Decays in the end (Michel 
electron seen) 

Charged pion is intermediate. 
Secondary interaction 

Proton track is short. Also 
secondary interaction 

Spray of small charge 
deposits. Mostly due to 
neutrons.



Missing energy crucially depends on the 
composition of the final-state hadronic 
system

Electromagnetic showers have many 
tracks and charge blips. The latter are 
from gammas Compton scattering. 
Different charge/energy conversion 
compared to a charged pion track. 

Protons vs charged pions have 
different charge density along their 
tracks. This means different charge 
recombination. The efficiency of 
calorimetry is tied to the efficiency of 
particle-ID



Missing energy crucially depends on the 
composition of the final-state hadronic 
system

Electromagnetic showers have many 
tracks and charge blips. The latter are 
from gammas Compton scattering. 
Different charge/energy conversion 
compared to a charged pion track. 

Protons vs charged pions have 
different charge density along their 
tracks. This means different charge 
recombination. The efficiency of 
calorimetry is tied to the efficiency of 
particle-ID
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Neutrons
Sometimes energetic 
secondary nucleons are 
knocked out. That could 
include protons, which do live 
ionization tracks.  

These protons are special: 
they don’t connect to the 
main event and don’t 
necessary point at the 
primary vertex. Special 
attention needed!
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Neutrons

Same as previous slide, 
with particle trajectories 
shown
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particles

For illustration, let’s look 
at the first 10 events of 
the simulation
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Simulating energy flow

Now let’s run these 10 
events through FLUKA 

Notice very different 
breakdowns 

Even at the same 
hadronic energy: cf. 
events 1 and 3 
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Simulating energy flow, 
again!

Since shower 
development is an 
inherently stochastic 
process, the same 
events can be realized 
differently! Need large 
simulation statistics!
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Missing energy budget 
full event

However, this has little to do 
with the real missing energy 
budget! 

Fully propagating events 
and imposing the CDR 
thresholds, we find this for 
the hadronic system 

Neutrons are separated in 
their own subcategories

Eν = 4 GeV

6

threshold values quoted in the DUNE CDR document.
These are reproduced in Table I.

p ⇡± � µ e others

Thresholds
(MeV)

50 100 30 30 30 50

TABLE I. Detection thresholds according to the DUNE CDR
document [1]. The values given correspond to the kinetic
energy of each particle.

To quantify the impact of prompt neutrons and thresh-
olds, we generated a set of 10,000 ⌫µ +Ar CC scattering
events with a 4 GeV neutrino energy and have taken the
average. The results are shown in Figure 6. Most energy
is visible, i.e., carried by charged particles above thresh-
olds. There is 19% energy loss to neutrons, the number
that is consistent with [2]. Thresholds, on the other hand,
plays a negligible role here. This may be a little surpris-
ing, as an intuitive argument is that if a charged pion
falls below threshold, then we lose not only its kinetic
energy, but also its rest mass 139 MeV. In fact, pions on
average carry ⇠ 30% of total hadronic energy. But they
most likely have around 500 MeV of total energy, with
a long tail extending up to 3 GeV. The fraction of pions
that falls below the 50 MeV threshold is tiny.

As we emphasized before, Figure 6 is misleading be-
cause it takes into account only the primary neutrino
interaction. For example, neutrons can be produced also

FIG. 6. Hadronic energy budget after primary neutrino in-
teraction. A set of 10,000 4 GeV ⌫µ scattering events has
been averaged over. Shown are the fractions of the hadronic
energy that go into prompt neutrons, sub-threshold particles
(according to Table I) and the rest.

downstream, as the events develop. Conversely, while
neutrons themselves do not leave tracks, some of their
energy can nonetheless be converted to visible charge,
via hadronic interactions with the Argon nuclei in the
detector medium. It is also intuitively clear that most
sub-threshold particles will be found at the last stages of
shower development. These arguments make it apparent
that a meaningful study of the energy loss channels must
include the full event development. We therefore turn to
it next.

B. Particle propagation in medium

We inject all final-states particles out of GENIE into
FLUKA, with their correct 4-momenta. FLUKA uses
these inputs to simulate the full event development
in liquid argon, incorporating all relevant physics pro-
cesses, such as ionization and radiative energy losses,
hadronic inelastic interaction, and particle decays. Un-
like GEANT4 [16, 17], which handles particle propaga-
tion in LArSoft, physics models in FLUKA are not tun-
able by users.

For each event, primary particles and all subsequently
produced secondary particles interact and propagate till
all particles either fall below propagation thresholds or
escape a user-defined geometry. We set our propagation
thresholds to 0.05 MeV, which is much lower than the
DUNE detection thresholds. As for the geometry set-
tings, we define the interaction region to be 12 m ⇥ 14.5
m ⇥ 58 m, the geometry of one 10-kton DUNE mod-
ule [18]. When assuming neutrons to be 100% invisible,
we discard neutron propagation with the DISCARD card.

Di↵erent types of final-state particles have distinct sig-
natures in liquid argon. Below we review what happens
to muons, electrons, gamma rays, charged pions, protons,
and neutrons. The latter deserve a special discussion, as
they are a major channel of missing energy.

1. Charged particles and gamma rays

Muons. Charged particles, when moving through liq-
uid argon, impart some of their kinetic energy to sur-
rounding electrons. This results in ionization tracks. In
a typical ⌫µ + Ar scattering event, the longest track is
left by a muon, as illustrated in Fig. 2 (right panel). This
track is mostly straight, with some deflection provided by
multiple Coulomb scattering on ions in the medium. The
energy loss rate is almost constant, ⇠ 2 MeV/cm [19], as
is expected from a minimally ionizing particle. The dis-
tance a muon travels before coming to a stop can there-
fore be estimated by

dµ =
Eµ

0.2 GeV/m
. (2)

A 4 GeV muon can travel ⇠ 20 m. Each module of the
far detector of DUNE is 58 m long and 12 m ⇥ 14.5



From missing energy to 
resolution

With all channels well characterized, one can work 
backwards and reconstruct the true energy. 

Divide observed charges by the expected visible 
fraction 

The procedure works only on average, but events 
are inherently stochastic. Hence the inferred true 
value will fluctuate. 
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Applied the reconstruction 
procedure in three 
scenarios: 

1.CDR thresholds 

2.total charge calorimetry 

3.detailed event 
reconstruction (particle ID  
corrections, low 
thresholds)
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Although the migration matrices 
are non-Gaussian, one can still 
characterize energy resolution 
by their standard deviation 

Dramatic hierarchy of 
resolutions between scenarios 
1, 2, and 3 persists across the 
DUNE energy range 

Anti-neutrinos are better 
measured above ~ 2 GeV, 
neutrinos below



The entire process relies on the 
details of the cross section model

We predict the full hadronic system w/ GENIE and then infer how 
much should be visible for given reconstruction assumptions 

Which properties are important depends on the detector 
performance! 

For example, in our best-case scenario, neutron production is 
key (multiplicities and energies) 

On the other hand, without particle-ID information, we also 
need to know how many charged pions vs protons we have in 
the final state



How do we validate our 
generator?

Compare to other generators 

Test against well-measured processes



use electron scattering

Common physics includes 
- Initial nucleon momentum distribution (spectral function)  
- Final state interactions  
- Hadronization at several GeV, meson exchange currents, etc  

(Axial response is needed separately)
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use electron scattering

GENIE generator predictions show dramatic discrepancies with a 
variety of inclusive electron scattering data 

Artur Ankowski, A.F., Shirley Li, the last 2 years
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Electron scattering comparison

Data collected at JLab in 2017
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Different kinematic regimes

Chronic problems with many 
other datasets.

Systemic 
discrepancies 
beyond CCQE
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Comparison across different 
nuclei

52

C(e, e’) in GENIE

data: Dai data: Dai et al.et al.,,
PRC PRC 9898, 014617 (2018), 014617 (2018)

A.M.A. & Alex Friedland, A.M.A. & Alex Friedland, 
arXiv:1908.XXXXXarXiv:1908.XXXXX



Comparison across different 
nuclei

53

D(e, e’) in GENIE

data: Niculescu data: Niculescu et al.et al.,,
PRL PRL 8585, 1186 (2000), 1186 (2000)

A.M.A. & Alex Friedland, A.M.A. & Alex Friedland, 
arXiv:1908.XXXXXarXiv:1908.XXXXX



Comparison across different 
nuclei

54

H(e, e’) in GENIE

data: Niculescu data: Niculescu et al.et al.,,
PRL PRL 8585, 1186 (2000), 1186 (2000)

A.M.A. & Alex Friedland, A.M.A. & Alex Friedland, 
arXiv:1908.XXXXXarXiv:1908.XXXXX



Mapping out the pattern of 
discrepancies
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Summary of inclusive electron 
scattering comparisons

Pattern of dramatic discrepancies beyond the QE peak 

50% or larger discrepancies, both near the Delta peak 
and beyond, in transition to DIS 

The same pattern is present in Carbon and deuterium 

Without better hadronic physics, this problem cannot 
be cured



Impact on hadronic final 
states

Inaccurate model of pion 
production leads to incorrect 
prediction for the properties 
of the hadronic system 

The problem can be further 
compounded by nuclear 
physics, namely the 
development of the intra-
nuclear cascade: primary 
hadrons undergo FSI, knock 
out nucleons, lose energy, 
get absorbed, etc 

n p p� p+ p0
0

5

10

15

20

25

30

En
er

gy
fr

ac
tio

n
(%

)

e-Ar

q < 40�

Ee < 3.0 GeV

GiBUU
GENIE



What is know on the Axial Form Factor?
❖ Recently very significant lattice QCD progress on the nucleon axial form factor:

• Lattice QCD results on                          and  
 
 
 
 
 
 
 
 
 
 
 
 
 

FA(Q2)gA ≡ FA(0)

Gupta et al., PNDME collab.’17
 Alexandrou et al., ETMC’17

NF = 2 + 1  see talks by M. Constantinou
and E. Passemar at PINS2019
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Dipole mA=1.35(17) GeV

NF = 2

Q2 ≡ − q2

 see also Green et al’17, Capitani et al’17
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(1 − q2

M2
A )

2



Which values of Q2 impact neutrino data?

❖  

!75

❖ Composition of MiniBooNE Cross Section

 

❖ At E ~ 0.5 GeV the XS comes from Q2  < 0.6 GeV2

❖ At E ~ 1 GeV, ~40% contributions from 0.6 GeV2 < Q2 < 2 GeV2

A.F., Gonzalez-Solis, Passemar, Quirion, Ristow, in prep.



Summary
Neutrinos have been key for establishing the Standard Model and discovering physics 
beyond it 

Neutrino cross sections make them play unique roles in astrophysics and cosmology. BBN 
and Supernovae are crucial to our understanding of the world around us.  

Modern precision experiments place high demands on the physics of neutrino cross 
sections  

The models are used to fill in the missing pieces for energy measurements 

The key predictions needed for DUNE are properties of hadronic final states 

Things like neutrons, proton-pion composition 

Which one is most important depends on the performance of the detector 

Inclusive electron comparisons indicate hadronic inelasticities (resonances/SIS/DIS) are mis-
modeled in the event generators (GENIE). This is troubling for the composition prediction. 

Need a combined theory/experimental program to disentangle nuclear and hadronic effects



Thank you!



Overflow



Comparing to earlier 
comparisons

T. Katori (NuInt 2012) noted in a couple of comparisons 
of GENIE that the agreement was poor 

Different energy regime, 0.5 GeV datasets.
https://indico.fnal.gov/event/5361/session/21/contribution/58/material/slides/0.pdf
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Comparing to earlier 
comparisons

Different energy regime, 0.5 GeV datasets. Recommended cure: Dytman 
2p2h. Not pursued further. 

Too bad! By extending the comparisons to the several-GeV regime 
relevant to DUNE, we see that while the QE peak shows better 
agreement (RFG), the regime of inelasticities exhibits stark discrepancies
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What data would help?

Exclusive data from electron scattering 

Data on the hadronic final states from NOvA and 
MINERvA 

More experiments such as ANNIE (“The Accelerator 
Neutrino Neutron Interaction Experiment”) and 
CAPTAIN to understand neutron production and 
interactions in LAr



Postscript: Why do DUNE at 
several GeV?

This is clearly a very challenging energy range to model 
interactions. Why would anyone choose it? 

Dictated by physics of the problem 

Earth matter effect is used to distinguish mass hierarchies 

But the matter term             has dimension of inverse length! 
To have significant matter effects in Earth, one needs 
baselines ~ 103 km. But then to have an oscillation maximum 
with atmospheric splitting,             requires energies of 
several GeV

2GFne

Δm2/2Eν



0 1 2 3 4
Hadronic energy (GeV)

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

dP
/d

E
(G

eV
�

1 )
n

n̄

Hadronic energy distribution
On average, in neutrino events 
~40% of energy goes in the 
hadronic system. 

But the distribution is very broad! 

Approximating scattering as DIS on 
valence quarks, the distribution 
would be flat (helicity). This breaks 
down at lower energy (resonances) 

For antineutrinos, the average 
hadronic energy is less. The helicity 
argument gives (1-y)2. 

But the final state contains more 
neutrons

Eν = 4 GeV


